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EXECUTIVE SUMMARY

OBJECTIVE

The purpose of this report is to give quantitative solutions to several heat transfer problems

relevant to the handling of extrusion billets from preheat to start of extrusion, and to present them

in an easily useable form.

  

APPROACH

The thermal behaviour of aluminum billets under conditions simulating those existing from

preheat to start of extrusion is analyzed.   The results are based on solutions of classical heat

transfer problems with some use of finite element analysis, and are presented in a simple graphical

form.

CONCLUSIONS

The temperature distribution in hot aluminum extrusion billets is dependent on the length,

diameter, and the external boundary conditions, making intuitive estimates difficult.  The analyses

and charts in this report can be used as a guide in relevant decision making.

In order of magnitude terms, for aluminum billets of conventional dimensions:

- Radial gradients are halved in tens of seconds.

- Longitudinal gradients are halved in hundreds of seconds.

- Cooling in air, the temperature difference between billet and air is halved in thousands of

seconds.
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(1) Aluminum Association Inc., Proceedings of Fifth International Aluminum Extrusion Technology
Seminar, Report No. ET'92, 1992.

1. INTRODUCTION

The hot extrusion of aluminum is dependent on the thermal condition of the billet and the

tooling. Of all the measurable parameters in the process, temperature is the most important, as can

be seen for example from the papers on extrusion process, equipment, and modelling in ET '92(1).

The temperature distribution in the billet and tooling affects extrusion pressure, speed, surface

finish, and final properties. There are alternative methods of preheating billets to a desired state,

but the high thermal conductivity of aluminum causes substantial changes to take place between

the preheat and start of extrusion.

The author knows of no reference which gives a quantitative summary of the behaviour of

aluminum billets under these conditions and consequently decisions affecting equipment design and

operation are often based on intuition and experience. This report brings together data which can

put these decisions on a factual basis.

2. METHOD

A number of analytical solutions to heat transfer problems in cylinders and rods are given.

The solutions are given in graphical form for ease of understanding and use. In addition to actual

numerical results, in most cases a general solution of the problem in dimensionless form is also

given so the results can be extended to geometries and materials not explicitly covered in this paper.

The main body of the report gives the results, with the mathematical explanations in Appendix A.

Finite element analysis is used on the problem of a billet in a container, and as an alternative

solution to the problem of  temperature distribution in a taper heated billet.

3. RESULTS

3.1 The Physical Constants and Symbols 

In the equations, the following symbols are used:

c - Specific Heat

D - Diameter

H - Heat Transfer Coefficient (Abbreviated as HTC in the graphs)

K - Conductivity

L - Length

R - Radius

r - Radial position

T - Temperature

t - Time

x - Distance along length

DDDD - Density
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Derived variables:

6666 - Diffusivity (m2 s-1) = K / (DDDD c)

JJJJ - Dimensionless time = 6666 t / R2

Although the values of physical properties are alloy dependent, the variations are not great,

and in the present work the following values which are representative of AA6063 alloy are used:

Conductivity:  K= 200 W m-1 C-1

Density:  DDDD = 2700 kg m-3

Specific Heat: c = 900 J kg-1 C-1

The other relevant parameters used for numerical results are heat transfer coefficients.The

values used are the following:

Billet to container: H = 5000 W m-2 C-1

Billet to air: H = 14 W m-2 C-1

Note that in any of the examples given reversing the temperature difference does not

otherwise change the solution. Thus if an example shows a billet hot on the inside, cold on the

outside, the same solution holds for the same distribution with a cold inside and hot outside.

3.2 Heat Transfer to Air

Between preheat and extrusion, billets lose heat to both the handling equipment and the

ambient air. Because of the variety and complexity of handling geometries, these will not be

considered here. However, the heat loss due to radiation and convection to ambient air is presented

in some detail.

3.2.1 Experimental Heat Transfer Data

From textbooks, the heat transfer coefficient for natural convection in air is approximately in

the range of 3 to 30 W m-2 C-1 depending on the particular conditions. In addition to convective loss,

there is a loss through radiation.  As in the reference used for most of the solutions in the present

work,  radiation loss is included in the convective heat transfer.

Figure 1 shows the cooling of a small billet, once while supported on insulation, and once

when supported on steel standoffs. The exponential curves giving the theoretical temperature decay

due to a constant convective heat transfer coefficient show a good fit with experimental curves.

From the rate of decay, the heat transfer coefficients can be derived as discussed in Appendix A

and are given in the box in the figure.

Comparing the theoretical and experimental curves it is evident that the experimental curves

show a slightly higher cooling rate in the beginning, and a lower rate of cooling at lower

temperatures. The differences are not significant for the present analysis, but they can be explained.

First, the radiation loss is not linear with temperature difference and decreases more rapidly as the

temperature drops. Second, the convective heat transfer coefficient is expected to decrease as the

temperature differential decreases due to lower buoyancy induced air flow velocity. 
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(1)

(2)

(3)

The exact value of the heat transfer coefficient for any real situation will depend on conditions

such as support geometry and local air circulation.  For the numerical examples in this report,  the

value of 14 W m-2 C-1 was chosen as being representative of typical conditions.

3.2.2 Cooling of a Billet in Air  

In calculating the heat loss to air, temperature gradients in the metal are neglected, an

assumption whose validity is justified in the next section. The solution for the billet temperature is

where T0 is the temperature at t = 0 and Tair is the ambient temperature. This is shown plotted in

dimensionless form in Figure 2. The inset in Figure 2 shows the actual numeric results for 50 mm

diameter billets of various lengths cooling from 450°C in air at 20°C with a heat transfer coefficient

of 16. It can be seen that the curve for the 100 mm length corresponds to the lower theoretical curve

of Figure 1, both showing a decay to 150°C in 30 mi nutes.

From the above it is evident that the cooling rate of billets varies with radius, length, time and

temperature differential, so a simple quantitative representation for the various possible situations

is difficult. Probably the simplest and most useful information is the cooling rate at any given time.

The expression for this is

which can be conveniently plotted with actual values if the cooling rate is expressed as a fraction

of the temperature difference between the billet and air:

This plot is shown in Figure 3, with Figure 4 giving actual cooling rate values for the case when the

billet temperature is 400 degrees above ambient.

3.2.3 Temperature Distribution in an Air Cooled Bill et

In the above, it was assumed that the billet internal temperature remained uniform. In reality,

the outside is of course cooler and heat is conducted from the warmer interior. The solution for an

infinitely long cylinder initially at a constant temperature is given by the rather imposing equation
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(4)

(5)

(6)

Where A = H R / K, and $$$$n are the roots of $$$$ J1($$$$ ) = A J0($$$$ ), the J 's being Bessel Functions.  The

relations here are too complex to lead to a simple general dimensionless plot, but two numeric

examples are given in Figures 5 and 6.  The ))))Tmax  given in the captions is the maximum center to

periphery temperature difference in cooling from 450°C to the assumed 20°C ambient.  This shows

that very little temperature gradient will exist inside a billet cooling in air, validating the assumption

of no gradients in the preceding section.

Equation (4) can be used for detailed study of heat transfer during active cooling or heating

when the heat transfer coefficient is much larger, but because of the variety of possible scenarios,

these will not be considered here. 

3.3 Radial Temperature Gradients

Although the temperature gradients introduced in a billet through cooling in air are negligible,

large gradients can be introduced by heating or quenching. The following gives solutions to two very

different situations, the first representative of temperature settling after heating or quenching, and

the other an extreme case of applying heating or cooling at the surface.

3.3.1 Insulated Cylinder With an Initial Radial Grad ient

The initial temperature profile is of course arbitrary depending on the heating or cooling

history. But for practical purposes, enough information is given in the following solution for a

particular starting distribution which was chosen for mathematical simplicity.

If the heat transfer from the surface is ignored and the initial temperature profile is taken to

be in the form T = J0 ($$$$ r / R), where $$$$ is the first positive root of J1 ($$$$) = 0 ($$$$ = 3.8317), the solution

is

and this is shown in dimensionless form in Figure 7. The temperature difference from the center to

the outside is given by
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(7)

which is shown plotted in Figure 8 for aluminum cylinders of various diameters. From the equation

or the graph, it is evident that the time taken for a given temperature change is proportional to the

square of the diameter.

3.3.2 Initially Uniform Temperature, Surface Fixed a t Time Zero

This situation, although impossible to achieve in practice, also has a tractable analytical

solution, and along with the previous section gives insight to the rate of internal heat transfer in a

cylinder in a radial direction. For an initial uniform temperature T0 with the surface held at Tsurf from

t = 0, the solution is

where the $$$$n are the roots of J0($$$$ ) = 0. Figure 9 shows a dimensionless plot of the solution, and

Figures 10 to 12 give numeric results for aluminum cylinders of different diameters. As in the

previous section, the time taken for a given temperature change is seen to be proportional to the

square of the diameter.

From both of the above cases it is evident that radial temperature gradients in billets

disappear very rapidly, with time scales of seconds, while the cooling of a billet in air in the previous

section took times in the scale of minutes, again confirming that ignoring billet gradients in the first

section was a valid assumption.

3.4 A Billet in a Container

As stated in the preceding section, setting the surface of the billet to a fixed temperature is

not practically possible, but the solutions are indicative of what may be expected in a more realistic

case as considered next. Not only will the boundary condition now include a heat transfer coefficient,

but the temperature of the container is also changing.  The following examples of this problem  were

solved using finite element analysis rather than analytical means because of their complexity.

3.4.1 Upset Billet in a Container at a Different Tem perature

All the examples are based on a two dimensional analysis (an infinitely long billet), assuming

an upset billet at 450°C in a container initially a t 350°C. Figures 13 to 16 show the solution for the

first two minutes for billets of different sizes. The size of the container is not relevant as long as it

is larger than the radius at which a significant change of temperature occurs. The effect of container

heaters which typically are at substantial distance from the billet-liner interface would not be

significant in this time scale, and whether they would go on at all depends on where the control

measurement was located. In Figures 13 to 16 for example, the solution is valid for containers with
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(8)

(9)

at least 100 mm thick walls. Also note that if the heater control thermocouple is located at 100 mm

or more from the inner liner wall, it would not see any change during the time shown.

3.4.2 A Sequence of Billets in a Container

In the above, the liner was assumed to be at a constant initial temperature, which again is not

realistic, but it gives a good indication of the thermal behaviour of the system. The actual initial

temperature distribution in the container is of course a function of its geometry, heating system and

heating history and will not be considered here. However there is one more simple extension we can

make, and that is to consider the preceding example with a sequence of billets. Figures 17 and 18

show the results with six sequential billets, using a contact time of 32 seconds alternating with 20

second cycles with no billet in the container. Here we see the container temperature slowly rising,

resulting in different temperature distributions in all the billets.

3.5 Longitudinal Temperature Gradients

As in the case of radial gradients, the external heat transfer will be ignored in considering the

longitudinal gradients in aluminum billets. A realistic initial temperature distribution that gives a

simple analytical solution is a sinusoidal one of the form T = T0 sin (BBBB x / L + BBBB / 2). For this, the

solution is

and this is shown plotted in Figure 19 for a 500 mm long billet. For comparison with the assumed

sinusoidal initial temperature, also shown in Figure 19 is a finite element solution to the problem

starting with a linear temperature distribution. The linear distribution decays slightly faster, but it

assumes a sinusoidal shape -- a consequence of the zero heat transfer boundary condition at the

ends.

The number of greatest interest is probably the end to end temperature difference, and this

is given by

which is plotted in dimensionless form in Figure 20, and for aluminum rods of various lengths in

Figure 21. Both figures show the assumed shape of the temperature distribution in an inset.

The time scale for temperature decay in this case is longer than in the case of radial

gradients, but still short compared to the cooling rate in air, so again the assumption of insulated

boundaries is justified.
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3.6 Comparison of Radial and Longitudinal Temperatur e Decay Rates

It is interesting and informative to compare the temperature gradient decay rate in the radial

and axial directions. From equation (6) the exponent for the decay of radial gradients was seen to

be proportional to 14.68 / R2 or 58.7 / D2, while in equation (9) above the exponent is proportional

to 9.87 / L2. Thus for example for a billet with L = 3 D, a radial gradient will decay about 50 times

as fast as a longitudinal one (58.7 x 32 / 9.87 = 53.5). Note that the longitudinal gradient is over a

6 times greater distance than the radial one.

4. CONCLUSIONS

The temperature distribution in hot aluminum extrusion billets is dependent on the length,

diameter, and the external boundary conditions, making intuitive estimates difficult.  The analyses

and charts in this report can be used as a guide in relevant decision making.

In order of magnitude terms, for aluminum billets of conventional dimensions:

- Radial gradients are halved in tens of seconds.

- Longitudinal gradients are halved in hundreds of seconds.

- Cooling in air, the temperature difference between billet and air is halved in thousands of

seconds.
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Figure 14 . Temperature Distribution in a 100 mm Diameter Aluminum Cylinder in
Intimate Contact With a Steel Container
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Figure 15 . Temperature Distribution in a 200 mm Diameter Aluminum Cylinder in
Intimate Contact With a Steel Container
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Figure 16 . Temperature Distribution in a 400 mm Diameter Aluminum Cylinder in
Intimate Contact With a Steel Container
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Figure 17 . Temperature Distribution in a 200 mm Diameter Aluminum Cylinder Cyclically in Intimate Contact With a
Steel Container.  
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Figure 18 . Temperature Distribution in a 200 mm Diameter Aluminum Cylinder Cyclically in Intimate Contact With a
Steel Container.  
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Figure 19 Comparison of Temperature Decay in  the Analytical Solution Starting With a Sinusoidal Distribution With
the FEM Solution Starting With a Linear Distribution
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Figure 20 . Dimensionless Plot of Decay of Temperature Gradient in an
Insulated Rod From Initial Temperature as in Inset
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Figure 21 . Decay of Temperature Gradient in Insulated Aluminum Rods of
Different Lengths From Initial Temperature Distribution as in Inset
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APPENDIX 



- A1 -

(A-1)

(A-2)

(A-4)

The analytical results in this report are based on solutions given in "Conduction of Heat in

Solids" by H.S. Carslaw and J.C. Jaeger, Second Edi tion, Oxford University Press.

Since this is a standard reference book on the subject, referred to in the following as C&J ,

results given directly in the book are merely cited.  Other derivations or extensions are then

explained.

The following changes in terminology are used in this report:

Quantity C & J This Report

Radius a R

Temperature LLLL , V T

Dimensionless
 Temperature

LLLL /V 
(reference assumed as 0)

of the form:
 (T - Tmin) / (Tmax - Tmin)

Dimensionless
Time

T JJJJ

Cooling of a Billet in Air and Heat Transfer Coeffi cient From Experiment  

In the body of the report, it was shown that the temperature gradients inside a billet cooling

in air are negligible. With this assumption, the simplest solution to the billet cooling problem comes

from equating the heat loss at the surface to the rate of change in heat content of the billet as

follows

where T is the billet temperature and )))) T =T - Tair.  Rearranging, the cooling rate is

which on integration yields

(A-3)

T0  being the initial billet temperature at t = 0.

Comparison with the lower curve of Figure 1 where the exponent is -0.04 t with the time in

minutes allows the heat transfer coefficient to be calculated as



- A2 -

(A-5)

(A-6)

(A-7)

(A-8)

(A-9)

(A-10)

or substituting numeric values,

as shown in the box in Figure 1 rounded off to 16.

The compete solution without the assumption of constant internal temperature is given for the

infinite cylinder in  C&J , Chapter VII, Section 7.7, equation (6) as

where A = H R / K, and $$$$n are the roots of $$$$ J1($$$$ ) = A J0  ($$$$ ). 

For aluminum H / K  is about 0.05 m-1,  and for extrusion billets, R < 1 m,  so A << 1.  For  A

<< 1, $$$$1<< 1, and taking the first terms of the expansions for J0 and J1 gives the approximation 

From this it follows that $$$$1 >> A and taking the temperature at r = R as representative of the

bulk temperature since the radial gradients were shown to be small in the complete solution, only

the exponential term remains giving

Substituting from:

gives the exponent as



- A3 -

(A-11)

(A-12)

(A-13)

For  the infinitely long cylinder where  L >> R, equation (A-3) reduces to

giving the same exponent as in equation (A-10).

Radial Gradients in a Billet  

The general solutions for the infinite cylinder with arbitrary initial temperature and either fixed

surface temperature or convection at the surface is given in C&J , Chapter VII, Section 7.4.  The

specific case of a constant initial temperature and a fixed surface is given in Section 7.6,

equation (10), which is given as equation (6) in this report.

For simplicity of presentation for the case of an initial radial temperature distribution, a

somewhat different case from those in C&J  is considered here.  A particular solution of the

governing equation is

Since the solution is very little affected by the convective heat transfer, the heat transfer

coefficient is eliminated as a variable by considering the insulated case.  This leads to the boundary

condition J0'($$$$) = 0, or noting that J0'($$$$) = - J1($$$$), the boundary condition is J1($$$$) = 0.  Taking just

the first positive root of this equation yields a representative looking temperature distribution as seen

in Figure 7, and this is what is used here to illustrate the decay of radial temperature gradients.

From this we get the solution

Longitudinal Temperature Gradients

Again because of the different time scales for internal temperature changes versus bulk

changes due to cooling in air, the billet is taken as insulated.  In this case the problem becomes one

dimensional with the governing equation



- A4 -

(A-14)

(A-15)

(A-16)

Again a particular solution that gives a realistic temperature distribution was chosen, in this case of

the form

and this leads to the solution used in this report,


